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SOLUTION OF THE PROBLEM OF SYNTHESIZING
A STOCHASTIC OPTIMAL CONTROL USING
NON-LINEAR PROBABILISTIC CRITERIAY
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(Received 24 February 1995)

A method that enables control laws for non-linear stochastic objects to be synthesized exactly is considered. The control is optimal
in the sense of probabilistic criteria of a general form. The advantages of the method over the traditional methods are demonstrated
and an example of its practical application is considered. Copyright © 1996 Elsevier Science Ltd.

Available methods for synthesizing stochastic controls that optimize the mathematical expectation of
some given functional (1, 2] preclude the use of more general functionals as optimizing probabilistic
criteria, namely, functionals that depend non-linearly on the probability density of the parameters of
the state of the cbject, such as the minimum of the entropy of the state vector, Kullback’s criterion,
and so on.

In this connection the problem arises of developing an approach to the synthesis of optimal controls
for stochastic objects, which would enable an exact control law to be constructed for the most general
optimization critcrion, depending non-linearly on the probability density of the state vector.

1. FORMULATION OF THE PROBLEM

Suppose that a stochastic object is described by a non-linear vector differential equation of dimension
N in symmetrized form

X =f(X,nN+ f X, )V, +U(X,1) (1.1)
where f = (f1, 3, . - ., fw), fo = |l fy, || are known non-linear vector and matrix functions, V, is white
Gaussian normalized vector-noise of dimension N; and U = (U, . . ., Uy) is the required control vector.

It is required to determine the control vector U(X, ¢), defined in the time interval T = [, £;], that
will minimize a probabilistic functional J defined over a bounded set X+ € [Xupin, Xmax] and which
depends non-linearly both on the control U(X, ) and on the probability density p(X, ¢) of the process
X;

J={ | ®[p(X,1),U(X,1)] dXdt = [ Wdr (12)
TX T

where @ is a known non-linear function, representing, in the general case, possible analytic constraints
on the control vector.

Since the density p(X, f) of the process X, which occurs in the functional (1.2) and is subject to control,
is described by the Fokker-Planck-Kolmogorov equation

ap_(x,_t)_ = L{a‘b,p(x,x)}
d (13)
a=(a.a,,....ay), b=||b,-j||. i,.j=12,...N

a?.
{b; (X, 0p(X,0)}

ox;0x;

Lia,b.p(X.0} =-% %{ai(x,t)p(X.t)} + %Z pX
i i tJ J

1Prikl. Mat. Mekh. Vol. 60, No. 4, pp. 564-569, 1996.

561



562 S. V. Sokolov

1 0
a(X,n=fi(X,n+ U,.(x,:)+2§ %‘,foﬁ (x,t)a—x- Jo, (X.t)=

i

= u (XD +a, (X0, byX.n)= %gfo,., X.1) fo, (K1)

which is a partial differential equation, it follows that the solution of our problem will necessitate using
methods of optimal control theory for systems with distributed parameters. Throughout this paper
summation over i, j goes from 1 to N, and over k, from 1 to N|.

2. SYNTHESIS OF THE OPTIMAL CONTROL

We shall assume that the optimal control is a member of the class of bounded continuous functions
with values in an open domain U,. To construct the control we will use dynamic programming, according
to which the problem reduces to solving the functional equation [3]

min {ﬂ-f- W} =0 (2.1)
UeU, { dr

subject to the terminal condition V{¢,) = 0, where V is an optimal functional that depends parametrically
on the time ¢ € T and is defined on the set of functions p that satisfy Eq. (1.3).
For linear systems, the functional is sought as an integral quadratic form [3]

V=[uvX n0p*(X,1)dX

X
whence we obtain
dav dv , du; ap
av = [{8Y - gui 9P M ax 22
= +W ,{{dt p* +2wpL{a,,b,p}+ ®[p,U] M?(ax,.p*"' ax,.)} 2.2)

al =(a“,a|2,...,a|~)

Analysis of this expression shows that the determination of the vector U(X, ¢) in a solution of the
functional equation (2.1) reduces to a classical problem: to find a vector function that minimizes the
definite integral (2.2). Moreover, the vector function U(X, ¢) solving this problem must satisfy the system
of Euler equations

=9 12021-9® s 20 % o =
axi[hfp] au,.””"ax,.‘o' i=12,....N
or
(—-)T-— 2 (ol (2.3)
W) " P .

In the general case, Eq. (2.3) is a system of non-linear equations in the components of the control
vector, and it can be solved only in certain special cases, e.g. when the function ®[p, U] has the
form

o =¢Q[P]+Z\|’i(“i)

where y, are analytic functions with invertible first derivatives, or

@ = Dy [p]+[U(X, 1) - Up (X, )17 Dy (X, )[U(X, 1) - Uy (X, 1)]
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where Di(X, ¢) is a known symmetric square matrix and Uy(X, ¢) is a known vector.

In the latter case the assumption that the function is a quadratic form in the vector U is dictated, as
a rule, by the need to minimize the deviation of a form involving the unknown control from the given
vector U, and this in turn depends on the possibility of the technical implementation of the control.
Equation (2.3) can be solved for U as follows:

) r
Uy = Uy —pDy! [-a—x-(bp)] (24)

Substitution of this optimal control law into (1.3) and (2.2) (assuming that the condition dV/dt +
W = 0 holds for the optimal control U, [3]) yields a system of partial differential equations

2
a—‘: = L{a,,b.p} - A(PY), P(X.lo) =Py

T
Alpw) =% %{(Uo ~pDy' [aix(zup)] ) p} (2.5)
v )
du d 1| @ ’ 1
v _ ~1 _ ~2_|_“ -1 = -
Y L{a,,b.p} -, [plp [ X (bp)]Du [ X (bp)] +2p A(p)
v(X,,)=0

The subscript i is introduced to denote the ith vector component.
In principle, the solution of this system exhausts the solution of our problem.

3. ANALYSIS OF METHODS FOR THE COMPUTATIONAL
IMPLEMENTATION OF THE OPTIMAL CONTROL

From the standpoint of the accuracy and complexity with which the optimal control is constructed,
a comparative analysis of the solution of system (2.5) and the system of adjoint equations obtained using
the traditional approach [1, 2] may be of interest. While the optimal control in the case of (2.5) depends
on p through a proportional-differential relationship, the control produced by the traditional method
depends on p through integration, which implies, given an N-dimensional state vector, the need for
simultaneous integration of the (2N + 1)-dimensional system of adjoint ordinary integro-differential
equations and a partial integro-differential equation for the N-dimensional function p. This is far more
complicated than solving a system of partial differential equations like (2.5). Nevertheless, the difficulties
involved in solving system (2.5), for which there are at present no general methods for exact analytic
solution, are not lessened. There are a great many approximate methods for solving the probiem,
all guided by some compromise between the necessary accuracy and the available computational
resources; we shall not dwell on them here. Rather, we shall focus on one possible solution method,
based on expanding the functions v and p in series in some system of orthonormal functions of a vector
argument

vX.)=Ya, ()9, X)=¢ a
1y

PX. =3B, (N0, (X)=¢"PB
n

where p takes a set of values from (0, .. ., 0) to (N, . .., N3) [3], @ is a vector of orthonormal functions
of X, and « and B are the coefficient vectors of the expansions.

In that case, tae solution reduces to solving the two-point boundary-value problems of integrating
the following system of ordinary differential equations

B =|eLia,.b,e"BldX - [@A(¢T B, ¢  @)dX
X X
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o = [@{-2¢a(e™B) Lia, b, ¢7BI-Oyle Bl B) " -
X

T
_[58;(2¢7a¢rﬂ)]06‘[%(ZWMPTB)] 6T ale"B) A(eTB.¢ T w}dX @.1)

subject to the boundary conditions a(t) = 0, B(t5) = Bo, where the values of the components B are
determined by expanding the function p(X, t5) = po.

From the standpoint of practical implementation, it turns out to be easier to integrate system (3.1)
with its boundary conditions than to integrate (2.5), but as far as real-time organization of the estimation
process is concerned, the problem remains no less difficult. Moreover, the desirability of such a direct
approach is questionable, for the following reasons. First, the necessary time and computational resources
turn out to be large; second, there is no possibility of adjusting the vector U in real time, and, third, in
the process of instrumental realization it is generally not possible to store the given values of U with
sufficient accuracy.

Thus, in this case we are quite justified in solving problem (3.1) by means of approximate methods,
and one of these is the invariant embedding method [4], which yields the desired approximate solution
in real time.

The use of this method presupposes that all the components of the unknown vector are given in
differential form. Therefore, to permit real-time synthesis of the vector U by this method, we introduce
a fictitious variable 9, which will enable us in what follows to incorporate (2.4) as a differential equation

¥ =Uy(e'a ¢'B)
considered together with Eqgs (3.1) as a single system. The use of the invariant embedding method in
this case yields the following system of equations
Uy

= - - TR T RY-2
=| J¢Bay.5,07B.Uy)dX |~ D ool e’ Ble B "X
X

é.
g

D=2 I«p{%ma.,w’é. Uo)}dxm Dfei2¢7 (¢7B)" B(a,. b, 7 B.Uy)dX +
X X

d

1

([(¢Tﬁ)06'§%(2¢7[¢’é])] cpTéJ}dX—
(i)
2D ‘P{iald’o[‘PTé](‘PTé)'z]}dX-D
x |JB
B(a;,b,¢"B,Ug) = L{a, b.e B~ pX %[“o(,,(f’ré]

Since the matrix D in the invariant embedding method plays the role of a weight matrix relative to
the deviation from optimum of the approximate solution vector, the components corresponding to the
variables §; in D characterize the degree of deviation from the expansion coefficients of the true density
(the components of D, accordingly, are the deviations of the parameters at the starting time). A
considerable merit of this approach, irrespective of the formation of the approximate solution, is the
possibility of a real-time synthesis of an optimal control Uy,

4. EXAMPLE

The effective use of the proposed approach may be illustrated by the following example.
A controlled system is described by an equation

3

X =—ax"+u+V, x(1)=0
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where V{(¢) is centred white Gaussian noise of intensity Dy.

The control u will be synthesized subject to the condition that the deviation of the coordinate x from its initial
state x(fo) over an interval {to, 7] must be a minimum and that the control must be produced at minimum cost.
The traditional approach enables us to solve the problem on the basis of the root-mean-square criterion (2]

f,
5= M{f (x2(n+ Kzuz(t)]dt}, K = const
‘o

while the criterion underlying the approach proposed here is the maximum probability of the existence of x in a
given neighbourhood ¢, = [Xpin, Xmax] Of xo (by Chebyshev’s inequality, this potentially yields high accuracy in the
control of x), i.e. the minimization of the criterion

[/
Ja=| f[-.p(,v:,1:)4>Kzuz(xﬂ:)]d“ix
x,

In the first case, the optimal control is defined as [2)

1
Ugpy = E?-Mm 2—K,-j jxp(xkr)dux

where A is the adjoint variable and the system of canonical adjoint equations, derived from the stochastic
Hamiltonian, is

x =-ax® +ug +V, x(1g)=x

A =3akx?+2x, A(f)=0

so that one can write: down the foliowing equation for the density p = p(x, A, t)

dx

%%=_{a[( X2 [ T Apdsdh—ax’ j }+%[(3ahz+2x)p]} -Digg (4.9)

Consequently, exact solutions of the problem reduces in this case to solving a two-dimensional integro-differential
equation (4.1), but with indeterminate 'boundary conditions (as the variables x and ) are undetermined at times
to and ). Because of this last detail it is in principle impossible, using the traditional approach, to synthesize an
exact statistically optimal control (unlike the approach in this paper). The classical way to eliminate this contradiction
is Gaussian approximation of the density p(x, A, f), which in this case leads to the adjoint system for estimates of
the means

A 1 - .
x=—ax3+ml, x(19)=M(x5)=0 “4.2)

A =3ahx? + 23, i(rk )=0

Integration of system (4.2) is equivalent to solving a two-point boundary-value problem, so that in order to
construct the control in real time one must use invariant embedding, which yields equations for the approximate
estimate x,

. a2 |
i, =-ai) +2D%,, D =4D*-9aD. 3—;?2-

from which one can determine the approximate control law
Uy =2x,D

The alternative approach proposed here, in turn, enables one to construct an approximate control law as the
right-hand side of the equation in the variable 9, which makes up a single system together with the equations in
the approximate coefficients B of the expansion of the density p(x, ¢) in the orthonormal system of functions ¢

0
=1 | @B, (@.x)B +3x%aqT B)dx +D[ @(e7B) " dx

X,

6.
Y
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D =2 [@{B,(¢.x)+3x%ae” }dxD+2D [@{e” (B, (0. x)B(¢"B) ™ +3ax?))dx +

X,

X .

2]

2 P ~ a0 - A
=T x!‘p[;{(v’mz 75@%’31)}]4:-20 XIw’wTB) 2dxD

Dy T  j3pT
N = —— + ——
hlen= o
For a comparative evaluation of the accuracy of both approaches, a numerical simulation was carried out of a
suboptimal control (obtained by the invariant embedding method) for the above object with

a=K=1,Dy=17x=0,x =[-2323); T =[0,100] s
© = (cos (wyx), sin (wpx), cos (2apr), sin (2wgr)), y= /2.3

the control being implemented for 30 stochastic trajectories of the object.

The equations were integrated by a third-order Runge-Kutta procedure with step size 0.03 s. The accuracy of
the control was estimated by averaging over the ensemble of realizations of the mean-modulus deviations of the
trajectories, taken separately, from the boundaries of the interval x, in time 7. By the end of the simulation it was
established that the accuracy of the control based on the approach proposed here exceeds that of the traditional
approach by a factor of more than two, which in turn implies that the method can be used to good effect to synthesize
controls for practical stochastic systems.
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